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In this paper, effect of dipole-dipole interactions on nonlinear optical properties of the system of randomly lo-
cated semiconductor nanoparticles embedded in bulk dielectric matrix is investigated. This effect results from
the nonzero variance of the net dipole field in an ensemble. The analytical expressions describing the contribu-
tion of the dipole-dipole coupling to nonlinear dielectric susceptibility are obtained. The derived relationships
are applicable over the full range of nanoparticle volume fractions. The factors entering into the contribution
and depending on configuration of the dipoles are calculated for several cases. It is shown that for the different
arrangements of dipole alignments the relative change of this contribution does not exceed 1/3.
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1. Introduction
Recently, nonlinear optical properties of nanocomposites have attracted much interest due to
their potential applications in high-tech devices. In particular, these nanocomposites are promis-
ing substance for photovoltaics, lasers, optical switches and limiters. The nanocomposites ex-
hibit the nonlinear characteristics much enhanced as against the homogeneous bulk material.
Typically, these nanocomposites comprise metallic or semiconductor nanoparticles embedded in
a dielectric matrix [1, 2]. Up to now, the studies of the optical nonlinearity of the dielectric
nanoparticles are quite rare [3–6]. An increase in the nonlinear optical properties of the metal-
dielectric composites arises from localized surface plasmon resonances while the semiconductor
nanocomposites enhance their optical nonlinearity due to quantum confinement effect. Among
possible sources of the composite optical nonlinearity, there can occur dipole-dipole interactions
between polarized nanoparticles. The impact of the dipole-dipole interactions increases with rise
in nanoparticle concentration in the composite. The effect of the dipole-dipole interactions on
the optical characteristics of the nanocomposite is the most thoroughly studied in the case of the
metallic inclusions in the matrix. As a rule, these investigations are accomplished by numeric
methods [7, 8]. One of the popular techniques, the discrete dipole approximation, also known
as the coupled dipole approximation, can be exploited for simulating clusters of spheres [9].
Antosiewicz et al. [10] developed the similar approach based on replacing the retarded dipole
sum by an integral. This procedure permitted them to describe analytically optical response of
∗Corresponding author. Email: panov@iacp.dvo.ru
ISSN: 0950-0340 print/ISSN 1362-3044 online
c© 2013 Taylor & Francis
DOI: 10.1080/09500340.2013.822590
http://www.informaworld.com
October 29, 2018 20:38 Journal of Modern Optics eprint˙jmo
916
two-dimensional amorphous metallic nanoparticle arrays with interparticle coupling which were
observed by experiment [10, 11]. It is worth emphasizing that the coupled dipole method, being
a linear approximation, is suitable for weak optical fields.
Little attention is given to study the effects of the interparticle dipole-dipole interactions in
the semiconductor-dielectric nanocomposites. Normally, the semiconductor nanoparticles have
sizes comparable to the exciton Bohr radius and possess energy level structure. External light
radiation with some probability excites the nanoparticle in the state with dipole moment, the
decay time of this state is much larger than the period of an optical field oscillation. A model
describing the effect of the dipole-dipole interactions on the nonlinear optical properties of such
nanocomposites was proposed in Ref. [12]. This model deals with the system of semiconductor
nanoparticles randomly arranged in the dielectric matrix. It is assumed that all the excited
nanoparticles have equal absolute value p of the electric dipole moment which is proportional to
the incident light electric field amplitude Ein,
p = εmαvEin, (1)
where α is the dimensionless polarizability of the particle, v is its volume, εm is the dielectric
function of the matrix. The particle dipole moment p is assumed to be arbitrarily oriented in
space. This continuous approximation can be justified for the nanoparticles with a number of
exciton levels. The lifetime of the excited state is large in comparison with the period of an
optical field, so that the dipoles can be treated in quasi-static approximation. By this means,
the N excited nanocrystals will induce on the test particle, being located at the coordinate
origin, additional random electric field
E =
N∑
l=1
ξl (pl, rl) ,
where ξl (pl, rl) is the dipolar field from the l-th particle,
ξl =
3(rl · pl)rl − plr
2
l
εmr5l
(2)
rl is the position vector of the l-th particle and pl is its dipole moment. As a first approximation,
we assume that the net dipolar field E does not change the polarizability α of the individual
particles. This field is random since the nanoparticles are polarized and placed arbitrarily. In
Ref. [12], previously obtained distribution functions of the net dipolar field projection E [13]
was utilized. For volume concentrations (volume fractions) of the excited nanoparticles c > 0.1
the Gaussian distribution was used as distribution functions of the random field E.
In this work, we employ for bulk samples the negative cumulant expansion proposed for the
two-dimensional distribution of dipoles [14, 15]. This will allow us to obtain the third-order self-
induced optical susceptibility for volume fractions c / 0.1 which frequently occur in experiments.
Moreover, we will calculate the third-order susceptibilities for various angular configurations of
the dipoles.
2. Model
Let us consider an ensemble of identical spherical particles randomly arranged in the dielectric
matrix which is illustrated in Fig. 1. The radius of the particles is r0. The external laser radiation
with some probability causes transition of the particles to excited state with dipole moment. After
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Figure 1. Schematic representation of the nanocomposite under consideration.
some period, a large portion of the particles will be in polarized state. In order to proceed, we
should obtain distribution function W (E) of the net dipolar random field projection E onto the
selected direction. The use of the field projection instead of vectors allows us to discuss without
loss of generality several angular configurations of the dipoles. In a general way, this distribution
function can be written as
W (E)dE =
∫
δ
[
E −
N∑
l=1
ξl
]
N∏
l=1
τl (pl) dpl drdE, (3)
where τl (pl) is the distribution function for dipole moment orientations, δ is the Dirac δ-function.
We assume that due to macroscopic isotropy τl is identical for all the particles, τl (pl) = τ (p),
pl = p. After applying Markov’s method [16], we obtain a characteristic function
A(ρ) =
∞∫
−∞
W (E) exp(iρE)dE = exp [−C(ρ)]
with
C(ρ) =
c
v
∫
[1− exp (iρξ)] τ (p) dpdr, (4)
where ρ is the Fourier-transform variable corresponding to the field projection E, the volume
concentration of excited nanoparticles c = Nv/V , V is the volume of macroscopic sample, N is
the number of the particles with the dipole moment. This approach is employed for theoretical
treatment of the dipole-dipole interactions in the resonance methods [13], dilute magnetic sys-
tems [17] and ferroelectric dipole glasses [18]. In a fashion similar to the two-dimensional model
[14], we express C(ρ) in powers of ρ (the negative cumulant expansion). Thus, the distribution
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function W (E) after the inverse Fourier transform can be formulated in integral form,
W (E) =
1
2pi
∞∫
−∞
exp
{
−
c
v
[
λ2
2
ρ2 −
λ4
4!
ρ4 +
λ6
6!
ρ6 + . . .
]
− iρE
}
dρ, (5)
where the cumulants λn are defined as follows
λn =
1
pn
∫ {
3(r · p)r− pr2
r5
}n
τ(p)dpdr. (6)
For instance, λ1 and λ2 define the mean field and the variance of the dipolar field projection,
λ4 determines its fourth moment and so forth. As stated before, the absolute value of p is equal
for all the particles, but they have different angular components of p. In spherical coordinates
r = (r, θ, φ), integration over radius in Eq. (6) begins from 2r0 which is the minimum distance
between two sphere centers. The cumulant expansion in Eq. (5) is done under the assumption
that the number of the dipoles with one direction is balanced by dipoles with opposite alignment
owing to the random nature of the excitement. Thus, this expansion has only even-numbered
terms [14], the odd-numbered λn are zero.
Then, following Ref. [12], after Gibbs averaging, we obtain the density of free energy of the
ensemble
F = −kBT
c
v
ln
∞∫
−∞
exp
{
−
pE
kBT
}
W (E)dE, (7)
where T is the temperature and kB is the Boltzmann constant, and the projection of macroscopic
polarization P onto the selected direction, resulting from the dipole-dipole interactions,
P = −
∂〈F 〉t
∂Ein
, (8)
where 〈〉t denotes time averaging. For linear or circular light polarization, by expressing P as a
series in powers of the applied optical field amplitude Ein, we get terms containing linear and
October 29, 2018 20:38 Journal of Modern Optics eprint˙jmo
919
nonlinear optical susceptibilities. On doing so, under the assumption εm > 0, one can derive
P =
cα2vε2m
kBTI
2
0,0
{[ c
v
λ2(kBT )
2I2,0 − I0,2
]
I0,0+
I20,1
}
Ein +
cα3v2ε3m
2(kBT )2I
3
0,0
{[
3
c
v
(kBT )
2I1,2λ2 − I0,3
]
I20,0−
3
[ c
v
(kBT )
2I0,2λ2 − I0,2
]
I0,1I0,0 − 2I
3
0,1
}
E2in+
c2α4v3ε4m
6kBTI40,0
{
−I30,0
[(
λ4 + 3λ
2
2
c
v
)
(kBT )
2I4,0−
6I2,2λ2 +
v
c(kBT )2
I0,4
]
+ 4I20,0I0,1
[
vI0,2
c(kBT )2
− 3I2,0λ2
]
+
12I0,0I
2
0,1
[
I2,0λ2 −
vI0,2
c(kBT )2
]
+
3I20,0
c
v
[
I2,0λ2kBT −
vI0,2
ckBT
]2
+ 6I40,1
}
E3in + . . . , (9)
where
Ik,l =
∫ ∞
−∞
∫ ∞
−∞
exp(−iρE)ρkEldρdE. (10)
Upon employing the Fourier integral representation of the Dirac δ-function and the definition of
the Dirac δ-function derivative of the n-th order, one can reveal that integrals (10) have nonzero
values only if k = l and k = 0, 2, 4, . . ., namely I0,0 = −2pi, I2,2 = 4pi [15].
After simplifications the first non-zero term in (9) contains E3in which gives us the formula for
the self-induced Kerr nonlinear susceptibility:
χ(3) = −
2c2α4v2ε4mλ2
kBT
. (11)
It should be noticed that the same relationship for χ(3) can be obtained using the Gaussian
distribution as W (E), however, this result has not been obvious initially since the employment
of the Gaussian distribution is justified for large concentrations of the dipoles. It is worth em-
phasizing that Eq. (11) can be applied not only to the dipole-dipole interactions but also to
other types of interparticle couplings. In the latter case, λ2 will be defined by other formulas.
Since the variance λ2 > 0, the contribution of interparticle interactions into the self-induced
Kerr nonlinear susceptibility is always negative.
If one continue expansion in (9) then the next nonzero term will contain χ(7):
χ(7) = −
c2α8v6ε8mλ4
3(kBT )3
. (12)
In the statement of this model, we have inferred that the dipole moment of the particles linearly
depends on the incident field amplitude (1). We may abandon this approximation replacing
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Eq. (1) with
p = εmαvEin + χ
(3)
p E
3
in, (13)
where χ
(3)
p is the third-order hyperpolarizability of the individual nanoparticle. After repeating
all the calculations, it can be shown that χ
(3)
p makes a contribution to the fifth-order nonlinearity
of the system χ(5).
3. Angular configurations of dipoles
In the following, we discuss several dipole arrangements. When all the excited dipoles are collinear
with two equiprobable opposite orientations,
τ(γ, ψ) =
δ(γ) + δ(γ − pi)
4pi
, (14)
where γ and ψ are the polar and azimuthal angles specifying p. Such a configuration of the dipoles
is expected when the linearly polarized light wave propagates through the nanocomposite. Then
λ2 =
∞∫
2r0
r2dr
pi∫
0
sin θdθ
2pi∫
0
dφ
pi∫
0
sin γdγ
2pi∫
0
dψ τ(γ, ψ)×
{
3[sin γ cos(φ− ψ) sin θ + cos γ cos θ] cos θ − cos γ
r3εm
}2
. (15)
After integrating,
λ2 =
16pi
15 (2r0)
3 ε2m
(16)
and on substituting into Eq. (11)
χ(3) = −
4piε2mv
2α4c2
15r30kBT
. (17)
This formula was derived in Ref. [12] under the assumption of Gaussian distribution as W (E).
In the case of arbitrarily oriented dipoles
τ(γ, ψ) =
1
4pi
(18)
and integration in (6) gives
λ2 =
8pi
9 (2r0)
3 ε2m
. (19)
Further, let us consider the dipoles chaotically oriented with p lying in the x-y plane, i.e. p has
only x and y components. This arrangement can occur when the nanocomposite is embedded in
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planar waveguide with propagating TM-polarized wave. In this case, we select the direction in
the x-y plane, e.g. x. Then, the distribution function for dipole moment orientations becomes
τ(γ, ψ) =
δ(γ − pi/2)
2pi
(20)
and
λ2 =
4pi
5 (2r0)
3 ε2m
. (21)
It should be underlined that the relative change of λ2 in (16), (19), and (21) does not exceed
33% despite the high anisotropy of the dipolar field. This fact can be attributed to the random
placement of the nanoparticles in the matrix. Thus, the variation of the dipole arrangements
affect insignificantly the contribution of the dipole-dipole interactions to the third-order nonlinear
optical susceptibility of the nanocomposite.
4. Discussion
Typically, the II-VI semiconductor quantum dots in the excited state possess the large values
of the electric dipole moment [19, 20]. Hence, it is reasonable to make a comparison to the
nanocomposites containing such quantum dots. Given α = 0.4 [20], c = 0.02, 2r0 = 4 nm,
v = 4pir30/3, εm = 1.8, T = 300 K, using Eqs. (11), (19) one can calculate that χ
(3) ≈ −8 ×
10−11 esu. This value is of the same order as observed by experiment with nanosecond laser
pulses for cadmium chalcogenide nanocomposites (−10−11 . . . − 10−10 esu) [21, 22]. As a rule,
under femtosecond laser pulses, the nanocomposites with cadmium chalcogenide quantum dots
show the positive real part of the third-order susceptibility [23–25], but at nanosecond pulse
durations they display the negative sign of that [21, 22]. This phenomenon may be attributed to
the influence of the interparticle dipole-dipole coupling on the third-order susceptibility as this
effect will become substantial upon exciting enough quantity of the nanoparticles. At shorter
timescales other fast optical nonlinearities (e.g. two-photon absorption, free-carrier absorption
and dispersion, bound electronic Kerr effect, quantum-confined Stark effect) will prevail.
It should be stressed that the susceptibility nonlinearity (11) in this model arises from the
random field dispersion that yields nonzero λ2 and higher order moments in Eq. (5). Namely,
λ2 makes a contribution to the third-order susceptibility, λ4 does to χ
(7) and so forth. This re-
sult cannot be obtained within the framework of mean-field theories including effective-medium
theories which lack the field dispersion. In other words, the mean-field models has only one dis-
tribution function moment λ1 (the mean field). Such theories can only translate the nonlinearity
of one constituent to the effective nonlinearity of the mixture [26].
Notice, that in contrast to Ref. [12] in this work the expressions for χ(3) are obtained without
restriction on certain ranges of nanoparticle volume fractions. The expression for χ(3) calculated
in Ref. [12] for the case of c→ 0 is almost twice than χ(3) computed with Eq. (17) but the first
was obtained under the rather rough limitation of the maximum field value in the use of the
Cauchy-Lorentzian distribution.
5. Conclusions
In summary, the analytical expressions for the contribution of the dipole-dipole coupling χ(3)
to the Kerr optical nonlinearity of the system of the randomly located nanoparticles have been
derived for the nanoparticle volume concentrations of several percent. This contribution is caused
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by the dispersion of the random dipolar field. The dipolar induced contribution to the third-order
susceptibility is calculated for different types of dipole configurations which are connected with
the light polarization. It has been shown that for the different dipole arrangements χ(3) varies
moderately.
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